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Pressure-Based Multigrid Algorithm for Flow at All Speeds
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A full multigrid/full approximation storage (FMG/FAS) method is developed along with a unified pressure-
based algorithm to handle the complex fluid flow problems encompassing both compressible and incompressible
regimes. Besides highlighting the key elements of the present algorithm on a curvilinear staggered grid system,
several flow problems, ranging from incompressible to hypersonic speeds, are computed, in conjunction with an
adaptive grid method, to demonstrate its computational capability. With wide variations in geometry, fluid
physics, and grid distribution, speedup between the single- and multigrid procedures can be obtained. Because
different pressure boundary conditions are needed for incompressible, subsonic, and supersonic inlet and outlet,
the number of grid levels that can be effectively used by the present multigrid method appears flow dependent;

the implications of this observation are discussed.

1. Introduction

SE of pressure correction methods for solving incom-

pressible viscous flow problems in Cartesian or cylindri-
cal coordinates is well established, and a number of methods
of this type such as SIMPLE,!? SIMPLER,? and PISO® have
been developed. The basic similarity of these methods is that
the momentum equations are first solved using a guessed
pressure field, resulting in a tentative velocity field. An equa-
tion for the pressure corrections is obtained via manipulation
of the momentum and continuity equations. This equation is
solved to obtain the pressure corrections, and the velocities are
then corrected to satisfy the continuity equation. The exten-
sion of the SIMPLE algorithm to a general nonorthogonal
curvilinear coordinate system has been described in Refs. 4-6
and has been successfully applied to various problems as doc-
umented in Ref. 6.

When solving a viscous flow problem using a pressure-based
method, the computer time required to solve the pressure
(correction) equation is often a sizable fraction of the total
computational effort.”® Van Doormaal and Raithby’ report
that this fraction can be as high as 80% of the total CPU time.
This observation is also qualitatively confirmed in Ref. 8,
which finds that, for high Reynolds number flows, the pres-
sure-correction equation requires many more sweeps of a
point-symmetric successive over-relaxation (point-SSOR) or
line-SSOR method to converge than either the momentum
equation or other scalar transport equations. This is because
the pressure-correction equation, which has the form of an
anisotropic elliptic equation, is diffusion dominated, whereas
the other equations are convection dominated. It is well
known that point- and line-iterative methods converge rather
slowly on elliptic problems such as the Poisson equation,
particularly as the number of mesh points becomes large. To
expedite the convergence rates, the multigrid (MG) method®!°
has been found to be very useful for improving the perfor-
mance of these single-grid (SG) solvers for elliptic equations.
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With this motivation, the multigrid procedure has been devel-
oped and applied to the solution of the individual transport
equations, 12 which, in essence, improves the convergence of
the pressure equation. However, since it does not account for
the coupling among the dependent variables at different grid
levels, the improvement of the overall convergence rate is
limited.

Miller and Schmidt!? have combined the SIMPLE algorithm
and the multigrid method on a Cartesian grid system to accel-
erate the convergence to the steady state. They consider the
planar driven cavity problem at a Reynolds number of 400 and
the axisymmetric contraction flow at a Reynolds number of
968. Modest grid size of 34 X 34 nodes are employed in both
cases and good speedup between the MG and SG procedures
reported. Using different approaches, Hortmann et al.!'* and
Vanka!’ have computed, respectively, the natural convection
in a square cavity and the driven cavity flow using much larger
grid sizes. Substantial speedup is observed in both studies. In
Ref. 14, a pressure-correction type of sequential solver using
the nonstaggered grid system is employed, whereas in Ref. 15
a coupled simultaneous approach directly solving the momen-
tum and mass continuity equations, using the staggered grid
system, is devised. All of the studies conducted in Refs. 13-15
adopt the Cartesian grid; they are of limited capabilities to
solve the flows in complex configurations.

In a recent work,'¢ a multigrid method has been successfully
combined with a curvilinear coordinate algorithm suitable for
solving an incompressible recirculating flow problem in com-
plex geometries. This combined approach uses a pressure-cor-
rection formulation and the so-called full multigrid/full ap-
proximation storage (FMG/FAS) technique for solving the
whole governing equations at various grid levels. Good speed-
up ratios from the SG to MG procedure have been obtained
for several incompressible recirculating flow problems. In the
present work, this FMG/FAS methodology is further devel-
oped to solve the flow at all speeds, ranging from incompress-
ible to hypersonic regime. To perform these computations, a
generalized pressure-correction algorithm developed earlier!’
is extended to use the multigrid solution method. An adaptive
grid procedure is also incorporated into the algorithm to im-
prove the solution accuracy. Several different flow geometries
are used to demonstrate the performance of the present ap-
proach. For the incompressible cases, two configurations, in-
cluding a straight channel with a single ‘‘bump’’ mounted on
the lower wall and a kidney-shaped channel resembling quali-
tatively a gas-turbine combustor, have been chosen. For the
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compressible cases, a channel with mounted bump of variable
curvatures is computed for inviscid transonic, supersonic, and
hypersonic flows.

After the completion of the present work, two papers apply-
ing the MG method to solve the flows in complex geometries
have been published.!®1? Together with the present effort,
these studies assess the performance of the MG technique
using different base algorithms. For the application of the MG
algorithm to the density-based method, the paper by Ni% and
various references cited by Hirsch?! can be consulted.

II. Pressure-Based Algorithm
in Curvilinear Coordinates
The strong conservation-law form of the steady-state

Navier-Stokes equation is adopted here, as illustrated in the
following:

Set+g =0 +0,+5s
S ={(pu, p + pte?, puv)’ m

g =(pv, pvu, p + pv)7

where u and v are the velocity components in the coordinate
directions, x and y, respectively, p is density, p is pressure, ¢
and 6 represent viscous stress and work terms for each coordi-
nate direction, and s accounts for other source terms such as
those arising from the body forces. Upon transforming to £, n
curvilinear coordinates with the aid of the chain rule for
partial derivatives, Eq. (1) becomes

fi+ g, =6, +6,+5-J

F=y.f—xz
§=—yf +x8
2
G = y,0— X0
0~ = —)Yi0 + XEO
¢, =5 »)
and J is the Jacobian of the inverse transformation
J =Xy, — X, ¥ 3

It is noted that in Eq. (2) the strong conservation-law form has
been retained to facilitate the numerical formulation of the
conservation principle. It is noted that, since the compressible
flow cases are for the inviscid flow with uniform inlet condi-
tion, a constant total temperature is sufficient for the energy
consideration.

The essence of the pressure-correction algorithm for solving
the incompressible flows can be briefly described as follows.
Discretization of the momentum and continuity equations
yields the following difference equations:

(D] - [ED(Q} + [BI{P]) = {F} (“a)
[C1tV]) = {G) (4b)

where

{Q}, { P} = vector with nodal value of (1, v) and p, respec-
tively, as its components

[D] = diagonal matrix with positive elements

[E] = matrix with zero entries on its diagonal; difference
operator D — E accounts for both the convection and viscous
effects

[B] = difference operator for gradient

[C] = difference operator for divergence

{F} and {G} = explicit forcing function terms from
source and boundary conditions

Next, one can formulate a predictor/corrector procedure to
iteratively update both the velocity and static pressure fields
by splitting {Q} and {P]} into two parts:

(@1 =(0*}1+{Q"} (5a)
(P} ={(P*] + {P’) (5b)

By reformulating the momentum equation, Eq. (4a), to the
form of

(ID]1- [ED{Q*} + [BI{P*} = {F} ©

one obtains {Q} based on a given {P}. Furthermore, the
relationship between the pressure correction and velocity cor-
rection can also be derived:

(D] - [ED{Q"} +[BI{P'} =0 M

Here, the SIMPLE algorithm takes a simplified form of Eq.
(7) to link {Q’} and {P '}, namely,

DIQ"} +[Bl{P"} =0 ®
Similarly, the continuity equation can be written as
[CHHQ ) ={G} - [CHQ*} )]

Hence, a pressure correction equation for incompressible flow
can be derived by combining Egs. (8) and (9):

[CIIDI'[BI{P'} = [C1{Q*} — {G} 10

For highly compressible flows, the density is a strong func-
tion of pressure. Therefore, in the formulation of the pres-
sure-correction equation, it is necessary to correct both the
density and velocity fields simultaneously to satisfy the conti-
nuity equation. This practice holds a key to successfully solve
the compressible flow problems. Each flux term in the conti-
nuity equation can be decomposed into four parts, ¢.g.,

pU=(p* +p"YU*+ U")

=p*U*+p*U " +p'U*+p'U’ an
1) 2) 3) 4

where U is the contravariant velocity along the £ direction.
These four terms represent 1) the mass flux calculated based
on the given density and velocity fields, 2) the contribution
from the velocity corrections, 3) the linear contribution from
the density corrections stemming from the compressibility ef-
fect, and 4) the nonlinear contribution from the compressibil-
ity effect, respectively.

It is useful to examine the relative importance of the various
terms as a function of the Mach number. The combination of
terms 1 and 2 leads to the incompressible form of the pressure-
correction equation given earlier. With the aide of equation of
state and definition of Mach number, the velocity correction
term p*U’ is found to be inversely proportional to the local
Mach number M,, i.e.,

1

o*U’ ~ ﬁpg' (12a)
a
’ 1 ’
VA, S (126)

The equation of state for an ideal gas can be written as

p=C°P (13)



2662 SHYY, CHEN, AND SUN: MULTIGRID ALGORITHM FOR FLOW

where
C?=1/RT
Hence, the density correction p’ can be expressed as
p'=Cp’ 14)

Whereas p*U’ contributes a diffusion term to the pressure-
correction equation, p’ U* contributes a convection-like term.
This occurs because the velocity correction is proportional to
the gradient of the pressure correction, whereas the density
correction is proportional to the pressure correction directly.
Since p is inversely related to T, the contribution of p’ U* to
the pressure-correction equation is found to be proportional
to the local Mach number, i.e.,

p'U*~—=p’ 1s)

Hence it is clear that the ratio of 3 to 1 in Eq. (11) is propor-
tional to the square of local Mach number; this characteristic
explains why by omitting 3 and 4 in Eq. (11) the original
SIMPLE algorithm works well for incompressible flows but
not for high-speed flows. The nonlinear correction term o’ U’
is independent of the Mach number by the same arguments.
Since neither p’ nor U’ is necessarily small during the early
iterations, it is useful to include these terms explicitly in the
source term of the pressure correction equation to help stabil-
ize the computational procedure.

The major remaining issue is how to interpolate the trans-
port coefficients as well as the p ' values at the control volume
face for the pressure-correction equation. Because of the con-
vection-diffusion nature of the pressure-correction equation
for compressible flow, a two-point average does not guarantee
the positiveness of the coefficients, and hence the criterion for
the numerical stability of an iterative solution procedure may
be violated. It is important to note that it is the accuracy of the
divergence of the mass flux calculation, namely, the terms
such as p*U*, that determines the accuracy of the pressure
field. The formulation of the other pressure-correction terms
does not affect the final solution accuracy; however, they can
critically affect the numerical stability. Based on this realiza-
tion, one can devise any suitable approximation for the pres-
sure-correction terms to expedite the convergence rate. In the
present work, two approximations have been constructed.
First, based on the local Mach number, the values at the
control volume faces are taken as either two-point central
average (for low M, ) or one-sided upwind value (for high AM,).
The switch point of the interpolation formulas is found to be
necessarily subsonic; however, the convergence path is not
sensitive to the change of the switch point as long as a con-
verged solution can be obtained. Second, for the subsonic
cases, the convection part of the transport equation for the
pressure correction is linearly weighted according to the local
Mach number. These procedures have been found to be effec-
tive in yielding stable convergence. As to the nonlinear contri-
bution from the compressibility effect, part 4 in Eq. (11), the
present algorithm treats it as an explicit source term with the
same switch criterion of interpolation formula adopted, as
discussed earlier. This treatment of the nonlinear term is use-
ful in supersonic flow cases, preventing early divergence of the
algorithm that may occur otherwise.

For the discretization processes, the convection terms are
represented by the second-order upwind scheme?? whereas all
other terms are represented by the second-order central differ-
ence schemes. With regard to the boundary conditions, for the
incompressible recirculating flows, a no-slip condition is en-
forced on the wall and a first-order extrapolation is adopted as
the outflow boundary condition for u and v velocities along
the streamwise £ direction. No pressure boundary condition is
needed for either inflow or outflow boundary. For the com-

pressible inviscid flows, the inlet Mach number (M;, and the
gas temperature are prescribed. Zero normal mass flux condi-
tions are imposed on the solid walls. For a subsonic outflow,
the static pressure is prescribed, and a first-order extrapola-
tion is adopted for the velocity variables. For a supersonic
outflow, the same first-order extrapolation is also used for the
velocity variables whereas the pressure there is determined by
the continuity equation.

1. Multigrid Methodology

In the MG method the computation is carried out on a series
of grids G, with the corresponding solution vector {y, } where
k=1,2,3,..., M, with kK = M representing the finest mesh,
and the meshes become coarser as the value of k£ becomes
smaller. The exact solution for any variable ¥, on grid G,
satisfies the following equation:

loued (i} = {5} (16)

where [ox] and {{;} are, respectively, the coefficient matrix
and the source term vector derived directly from the discretiza-
tion procedure adopted. Hence, at convergence, [« ] and {{i }
are based on the exact solutions on grid G, of the coupled
variables. Before convergence, however, they are estimated
based on the intermediate solution, and they are continuously
updated in the course of iteration.

A. Full Approximation Storage (FAS) Scheme

There are several algorithms for implementing the MG idea,
each with several possible variations. One of the simplest is the
correction storage (CS) scheme, which is most useful for the
linear problems. In this scheme, the calculation starts on the
finest grid Gy, and an approximate solution to Eq. (16) is
computed by a relaxation method. Unless the approximate
solution {¢; } satisfies Eq. (16) and the boundary conditions,
there will be a residual vector {R;} given by

(Al i} = (S} — (Ri ) an

where [A;] and {S;} are based on the intermediate solution
{9« } without being updated along with {¢, }. A few iterations
are performed on grid G, until the rate of reduction of the
residuals falls below a desired level. The residuals are then
transferred by a ‘‘restriction (or injection)’’ operator to the
next coarser grid G4_, and a correction vector {d¢,_;} is
obtained by solving the following equations:

[Ae 11804 -1} = (¢ 'Ry} (18)

where If ~ ! is the restriction operator that performs the task of
transmitting the information from a fine grid to a coarse grid.
Once Eqg. (18) is solved, the correction vector {8¢;_;} is
“‘prolongated (or interpolated)’’ to grid Gy and { ¢, } is subse-
quently corrected as

(O™ ) = (899} + I{_ 1 (81} 19

where If _ | is the prolongation operator. This process of relax-
ation, restriction, and prolongation is repeated until the de-
sired accuracy on the finest grid Gy, is achieved.

The scheme just described serves to illustrate the idea of the
multigrid procedure but is inadequate for nonlinear problems
such as the Navier-Stokes equations. Since it depends on the
linearity of [«] to derive the residual for computing the correc-
tion {6¢} on the coarse grid, it does not work well for the flow
problems of strong nonlinear convection effect. To remedy
this deficiency, the so-called full approximation storage (FAS)
scheme has been developed,® as will be briefly described next.

Without assuming linearity, the fine-grid residual equation

ol tdr + 00} — [AR k) = (&) ~ (S} + {Re) (20)
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can be written on the coarse grid by restricting the residual to
form a corresponding equation

lok 100 ™ i + 8bic 1} — [Aw— (1L~ "¢}
= (1) = (S} + ('R 1)

putting the known quantities on the right-hand side reduces
Eq. (21) to

o 1Yk -1} = (&=} (22)

where

(W1} =T {de) + (61} 23)
and

(-1} = (8o} + [ JUE i} — £Sk-0}
+ {If 'Ry} 24)

Here, ¥~ ! for {¢, } may be different from the residual trans-
fer operator I ! for { R}, although they are taken to be the
same in the present work. This is known as the FAS scheme,
since from Eq. (22) on the coarse grid the complete solution
{¥r_1}, not just the correction {d¢,_,}, is computed. After
solving Eq. (22), the fine-grid solution is updated via

(60 ) = (609) + IF_ ({62} ~ IF (g9 ])  (25)

which represents interpolating the approximate correction
{8¢ - 1} and adding to the intermediate solution {¢; } on fine
grid Gy. Since the starting values for {¢,_,} are If ' {¢y ],
the source terms {{_} and {S,_,} are identical in the first
coarse-grid iteration. All of the right-hand side terms in Eq.
(24), except {{x-1}, are calculated once and then kept un-
changed during subsequent iterations on the coarse grid; they
appear as extra explicit source terms with prescribed values.
With FAS, the source term and the coefficient matrix on the
coarse grid can be continuously updated to reflect progress
made to the dependent variables. Since both [«] and {{} can
be strongly dependent on {v] in nonlinear manners, this
feature is very helpful.

B. Full Multigrid Algorithm

When using multigrid cycles as a solution method, one
starts with an initial approximation {¢,} on the finest grid
G- If a good initial approximation can be made, then fewer
cycles will be required to solve the problem. To get a better
first approximation, one can interpolate an approximate solu-
tion from a coarser grid through a coarse-to-fine grid transfer
operator, namely,

{ &k Yiniiat = T _ ) {bx - 1 initia (26)

where IT{ _ | is a coarse-to-fine grid transfer operator that need
not be the same as If_, in Eq. (19). Starting with an approxi-
mate solution on the coarsest grid G;, a sufficiently large
number of relaxation sweeps can be taken to give an accurate
solution there. This solution is then interpolated onto the next
finer grid G, by the prolongation operator and used as a
starting guess for the first V-cycle multigrid procedure; this
two-grid V-cycle procedure continues till it meets the local
convergence criterion on G,. After the convergence on G, is
attained, the solution {¢,} is then interpolated onto next finer
grid, G, initiating a new three-grid V-cycle relaxation involv-
ing G, G,, and G3, until convergence is attained on G;. This
process is repeated by interpolating the solution from G, _; to
Gy as a first approximation, and solving the problem by a
V-cycle iteration, until the final converged solution is obtained
on the finest grid G,,. The aforementioned solution process is

termed the full multigrid (FMG) procedure, which is impor-
tant for obtaining fast convergence.

C. Multigrid Cycling

With the FMG-FAS algorithm, multigrid codes differ in
their cycling procedures, which can be either fixed or adaptive,
that is, the decisions of when to switch grids and which direc-
tion to go (i.e., to a coarser or finer grid) can be either
prescribed in advance or made internally as the numerical
solution develops.

With a coupled nonlinear system of equations, the rate of
convergence of the various equations may be substantially
different. For example, it is demonstrated in Ref. 5 that for a
high Reynolds number flow the pressure equation is much
harder to converge than other linearized transport equations
because of its stronger diffusion characteristics. In a decou-
pled algorithm where all of the variables are sequentially up-
dated, an adaptive cycling algorithm is not necessary for any
of these convection-dominated equations because of their very
good convergence rates. With this realization, a fixed cycling
algorithm is used in the present work for simplicity. As will be
demonstrated later, this fixed cycling algorithm is also very
robust. Specifically, in the present work, fixed », iterations
before applying restriction and v, iterations after prolongation
in the V-cycle are used. The MG cycling is terminated only in
the finest grid when a certain prescribed criterion is reached. A
schematic illustration of the V-cycle fixed MG procedure,
along with the values of », and », on each grid level, adopted
in the present work are given in Fig. 1. The optimum choice of
the cycling procedure is problem dependent; however, the
increasing number of sweeps conducted at the coarser grid
levels is quite tolerable since the computing effort per iteration
is reduced geometrically as the grid is coarsened because of
the smaller number of unknowns, which reduces the CPU
time per iteration, and the associated improvement in the
convergence rate, which reduces the number of iterations re-
quired for reaching the same convergence criteria.

D. Restriction and Prolongation in Staggered Grid

In the present work, a staggered grid is employed for the
velocity components and the pressure, Figure 2a illustrates the
basic staggered grid notation in both single- and multi-grid
systems. Relationships of the velocity and pressure control
volumes between the fine and coarse grids are depicted in Fig.
2b. Although the basic concepts of prolongation and restric-
tion remain the same, the actual forms of the transfer opera-
tors are different for each of the variables u, v, and p, as well
as the corresponding residuals R¥ RY, and R”. In the present
work, the restrictions are made by averaging the nearby fine
grid values, and the prolongation by applying bilinear interpo-
lation from the coarse grid values. Both the restriction and
interpolation are conducted through area weighted proce-
dures. For the compressible flows, the temperature and den-
sity fields can be directly computed based on the constant total
temperature and the equation of state, respectively, at every
grid level; they do not need to be restricted or prolongated
from the current grid level to the next grid level.

Mesh Size el
h, = 2h Q*‘ 5 G,
h, = 4h x G,
h, = 8h -4--@5—“——'%&- i/@/ G,
B, = 168G D G,

@ * n Relaxation Sweeps . Initial Interpolation

© : Solution Converged

/ Interpolate Correction ¢ Restrict Residual & Variables

Fig.1 Full multigrid (FMG) procedure with fixed V cycles, M =5
grid levels.
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M =5 grid levels

Vij+1

r : p-cell
| I
| |
I — Jf .................
| u; iPiJ Ui,y
I !
. |
Lueell | i

; Vg

v-cell

a) Basic notation of staggered grid in single- and multi-grid systems

O ° . e o de & —» e o o ‘ [ A [
X X u u® X [ 1 [
DPitje+1 Pirsrjea1 i1if+1 injf+1 Wirep sy
® —t [ V‘fmu i Vi Lif+1
k-1 k-1 uk-l ’ uk»l 4 V'k-l 3 . vkl °
Pictge Picje il je icje fc-Lje icje
L] L J [ ] — L3 —t L] —t L] g L[] 1 L] ! f ’
DSy Ph x X o k I ] 1
it.14¢ it Pire14¢ ul g it ul, I R J | b
if-1,51 ifjr i+ 141
. . .
L) b4 . — . — . —1> ™ - . ! . 4
ko k- X k @ ] # ]
el A Vows | W o
— — -1Lf-1 ifjf-1 4L
N 4 Vi B e
Plic-1jen Plicjca e-1de-1 iege-l de 4
. . . Lo 4. L . b b
notation of p control volume ‘ l

notation of u control volume

notation of v control volume

b) Relationship of velocities and pressure control volumes between coarse and fine grid systems

Fig. 2 Schematic of staggered grid layout and control volume arrangement for both single- and multi-grid systems.

(1) 97x65 grid (5 levels)

finest (97x65) grid

(i1) . 193x97 grid (6 levels)

finest (193x97) grid

coarsest (7x5) grid

|

] —

coarsest (7x4) grid

Fig. 3 Finest and coarsest grid systems of the incompressible channel flow employed in the MG procedure.

IV. Results and Discussion

A. Incompressible Flows

Several recirculating flow problems with different geom-
etries as well as Reynolds numbers have been computed to
assess the performance of the present pressure-based FMG/
FAS algorithm. The first flow configuration is a straight chan-
nel with a circular bump mounted in the middle of the lower
wall. The height-to-length ratio of the channel is 1 to 3, and
the maximum height of the bump is 15% of the inlet height.
Figure 3 shows the finest and the coarsest levels of the grid
system employed by the MG technique; with the 97 X 65 grid
system, a five-level MG procedure with 7 X 5 nodes at the
coarsest level is employed, whereas with the 193 x 97 grid

system a six-level MG procedure also with 7 x 4 nodes at the
coarsest level is employed. The Navier-Stokes equations with
identical boundary conditions as well as appropriate source
modifications needed by the MG method are solved at every
grid level. The FMG/FAS procedure, in a V-cycle as illus-
trated in Fig. 1, is conducted successively back and forth at
these grid levels. Two Reynolds numbers based on the inlet
condition, 10? and 103, are used. A uniform velocity distribu-
tion is taken at the inlet.

The streamlines and pressure contours are depicted in Fig. 4
for the case of Re = 10°. A sizable separation zone is present
in the rear region of the bump. The convergence paths of both
SG and MG procedures with Re = 10? and 103, based on the
outer iterations conducted at the finest grid levels, are shown
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in Fig. 5. In all computations, identical numbers of LSOR
sweeps as well as the relaxation factors are adopted at each
grid level. The convergence paths are represented in terms of
the absolute residuals of the #-momentum equation, summed
over all of the finite volumes at the finest grid level and
normalized by the total incoming momentum flux. Several
interesting features are revealed by Fig. 5. Obviously the MG
procedure yields substantially faster convergence rates than
the SG procedure; as the number of grids increases at the
finest level, the MG procedure becomes more superior to the
SG procedure, achieving an order of magnitude speedup in
convergence rate on the finest grid level for Re = 10?. Further-
more, although the Reynolds number and the grid size notice-
ably affect the performance of the SG procedure, they exert
virtually no impact on the MG procedure.

The estimation of the speed-up ratios in terms of CPU time
is less straightforward, of course, because of the way the
computer program is structured, the computer architecture
employed, the cycling procedure and the number of inner/
outer iterations used at every grid level of the MG algorithm,
and the control criteria imposed on the initial computation of
the FMG procedure before reaching the finest grid level. Not
many papers dealing with the MG algorithm give adequate
information in this regard. Reference 16 has provided a sum-
mary of the various aspects of the performance comparison
between the SG and MG procedures. For all of these cases
discussed in the present work, the ratio of the CPU time
between the SG and MG algorithms is about 1.6-2.1 times the
corresponding ratio of the number of iterations at the finest
grid level, which is generally consistent with that documented
in Ref. 16. This range is also comparable to that given by
Hortmann et al.'* for the natural convection problem with a
Rayleigh number of 10°. However, a recent work of Rayner!®
indicates a far greater discrepancy between the ratio of fine-
grid convergence rate of SG and MG procedures and the
corresponding CPU time ratio. These differences indicate that
the relative performance among different approaches cannot
be assessed based on the nominal convergence rate alone. As
already pointed out, in our algorithm, the number of iterative
sweeps needed for each discretized individual equation to
achieve the same convergence criterion at the coarser grid level
is smaller than that at the finest grid level because of the
reduced number of unknowns at the coarser grid levels.
Hence, the ratio of work units to the number of fine grid
iterations can be lower than that indicated by Fig. 1.

L g

close-up view of velocity
vectors and streamlines

pressure contours

Fig. 4 Solutions of incompressible flow with Re = 103.

a0 97x65 grid

SG Re=10*

log (u-mon residual)

¥ MG (5-level)
3.0 P“Re=10?
— 3
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--8.9 0.9 86076 1200.0

no. of finest grid iterations

193x97 grid

3
=
=
‘h 0.0
%]
o
=)
~ .18
o0
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2.0 SG Re=10°
MG 6
-3.0 [~X Re=10? /
MG 6
Re=10°
a0 A . . . .

2.0 600.0 1200.0 1080.0 2400.2 3000
no. of finest grid iterations

Fig. 5 Convergence paths of SG and M procedures of inc:: mpress-
ible channel flows with Re = 102 and 103.

Next, a kidney-shaped two-dimensional channel is used as
the test configuration, which exhibits greater degrees of geo-
metrical complexities. The dump regions downstream of the
inlet produce substantial flow recirculations; these recirculat-
ing eddies can strongly affect the curvatures of the main
incoming flow. The case chosen here is for an inlet Reynolds
number of 6.2 x 10%, and a uniform incoming velocity profile,
and constant fluid properties. This high value of Reynolds
number is used primarily for testing the performance of the
MG procedure for a strongly convection-dominated flow in a
complex configuration. This flow configuration has been used
before to aid the development of the SG curvilinear coordinate
algorithm (see Refs. 4 and 5).

Figure 6a shows the original grid systems of the kidney-
shaped channel displayed at the finest (97 X 49 nodes) and the
coarsest (7 X 4 nodes) grid levels. To help optimize the grid
distribution, an adaptive grid computational technique!” has
been used. The resulting adaptive grid systems at the five
corresponding grid levels are shown in Fig. 6b. The adaptive
grid system is generated at the finest grid level according to the
solutions obtained on the original grid. Successive grid coars-
ening is then conducted at different levels to aid the MG
procedure. It is striking to observe that, as demonstrated in
Fig. 6, the wide differences in grid as well as geometrical
characteristics exist at different grid levels. It is remarkable
that, with a much degraded geometrical resolution at the
coarsest grid level, the MG procedure can still exhibit an
improved convergence rate; this demonstrates the robustness
of the MG algorithm devised.

Figure 7 depicts the streamlines and pressure contours ob-
tained on the adaptive grid for the case of Re = 6.2 X 10°,
where complicated solution characteristics are exhibited. Fig-
ure 8 compares the convergence paths of an SG procedure on
a 97 x 49 original grid and two MG procedures, one on the
original grid and the other on the adaptive grid. By optimizing
the grid distribution according to the solution characteristics,
the adaptive grid technique can help improve both the conver-
gence rate and the numerical accuracy.
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Fig. 6 Finest and coarsest levels of grid systems of the kidney-shaped channel.
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Fig. 7 Solutions of incompressible kidney-shaped channel flow with Re = 6.2 x 103.
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Fig. 8 Convergence paths of SG and MG procedures of incompress-
ible kidney-shaped channel flow with Re = 6.2 x 103,

B. Compressible Flows

Next, the present pressure-based FMG/FAS algorithm is
applied to solve the inviscid supersonic, hypersonic, and tran-
sonic flows in a channel with a bump mounted on the lower
wall. For the supersonic flow, the case considered is for an
incoming Mach number M, of 1.4 in a channel with 4% bump
height. The same channel configuration is also used to com-
pute a hypersonic flow of M, = 5. For the transonic flow, it
is for an incoming Mach number of 0.675 over a 10% bump.
These configurations have been used by many researchers as
test problems. For example, Ni% has used them to develop a
multigrid solver in the context of the density-based compress-
ible flow algorithm. Here, two grid sizes, one with 97 X 65
nodes and the other with 193 X 97 nodes, are used in conjunc-
tion with the adaptive grid technique. The supersonic flow
case is presented first. Figure 9 depicts the different grid levels
used by the MG procedure for both the 97 X 65 and 193 x 97
grid systems. With the grid adaptation, it is found that, with
the nodal distributions shown in Fig. 9, one can only success-
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a) 3rd finest level (25x17) grid

2nd finest level (97x49) grid

b) d
Fig. 9 Adaptive grid systems of a) 97 X 65 nodes and b) 193 x 97
nodes, of a channel with 4% bump.

fully employ a three-level MG procedure; the algorithm fails if
four or more grid levels are used. The reason for this seem-
ingly more restricted applicability of the MG method can be
found by observing that, because of the strong gradients
around the shock, more grid points are clustered there; conse-
quently, the region in front of the bump has only a modest
number of nodes. Hence, after two levels of grid coarsening,
only a couple of grid lines line between the channel inlet and
the bump. For the present cell-centered staggered grid, a pre-
scribed pressure level is needed for the nodes next to the inlet
and the three-level grid appears to be the upper limit for an
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Fig. 10 Mach contours and convergence paths of flow with inlet M = 1.4, in a channel with 4% bump.
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Fig. 14 Mach contours and convergence paths of flow with inlet M = 0.675, in a channel with 10% bump.

MG solver to successfully operate with the grid distributions
shown in Fig. 9. With one more level of grid coarsening, the
first unknown pressure node will have a control volume occu-
pying almost the whole region between the channel inlet and
the bump, and the algorithm can no longer work well. It is
clear that a balance must be maintained between the nonuni-
form clustering of the finest grid system desired by the accu-
racy aspect and the minimum resolution of the coarsest grid
system required by the MG procedure.

Figure 10 displays the computed Mach number contours as
well as the convergence paths of the SG and MG procedures
with M;, = 1.4 for the adaptive grid systems. Obviously, as
the grid refinement is made along with the grid adaptation,
sharper solution characteristics emerge. For both cases, the
speed-up ratios between the three-level MG procedure and the
SG procedure are substantial, demonstrating the effectiveness
of the present pressure-based FMG/FAS solver.

Next, a hypersonic flow case of M;, =5 in the same 4%
bump channel is presented. For this flow problem, the shocks
formed at the front and rear of the bump are of high oblique
angles; they do not impinge on the top wall in the domain
considered. To accommodate this feature, as shown in Fig. 11,
the grid adaptation is conducted more along the n direction.
Figure 12 shows the Mach contours as well as the convergence
paths. Substantial speedup is again obtained from the SG to
three-level MG method. It is also noted that, because the
pressure correction equation is of a stronger convection char-
acteristic here, it can converge faster with a prescribed velocity
field. Figure 12 illustrates that at M, = 5 the overall conver-
gence rates of both the SG and MG methods are faster than
the previous case with a lower inlet Mach number, M;, = 1.4.

Finally, a transonic case with an inlet Mach number of
0.675 over a 10% bump is presented in the following. For this
flow, since the outflow condition is subsonic, outlet pressure
must be specified. It appears that the effect of the boundary
treatment on the allowable level of the MG procedure is also
pronounced. For a supersonic inlet, the nature of the flow
does yield a uniform pressure field in region upstream of the
bump. For the present transonic case, the elliptic nature of the
subsonic outflow condition causes nonuniform pressure distri-
butions near the outlet. Figure 13 shows adaptive grid systems
of 97 x 65 and 193 x 97 nodes at different multigrid levels,

- used by the MG scheme. For the present case, a four-level MG
procedure can yield convergent solutions; however, the differ-
ence in performance between the three-level and four-level
MG procedures is not much. The Mach number contours and

the convergence paths of the SG and MG procedures com-
puted with both grid systems are depicted in Fig. 14. Again, as
the grid is refined along with adaptation, the solutions are
improved whereas the relative advantage of the MG procedure
in convergence rate becomes higher.

V. Summary and Conclusion

A pressure-based FMG/FAS procedure is developed and
applied in conjunction with an adaptive grid method for fluid
flows ranging from incompressible to hypersonic speed. With
wide variations in geometry, fluid physics, and grid size, sub-
stantial speedup between the MG and SG procedures can be
consistently observed. For the incompressible flows, since the
present staggered grid system does not need prescription of the
inflow or outflow pressure boundary condition, a robust per-
formance of the MG procedure is attained. It is demonstrated
that, even with significant degradation of the geometric reso-
lution at coarser grid levels, effective smoothing can still be
performed there. Consequently, the MG method can operate
successfully with very few grid points at the coarsest level.

For the compressible flows, because of the need to specify
either the inlet pressure (for a supersonic inlet) or the outlet
pressure (for a subsonic outlet), there appears to be a more
stringent limit of the allowable number of grid levels of the
MG procedure than for the incompressible flows. This limit
depends, of course, on the characteristics of grid distribution,
flow configuration, and number of grid points employed.
However, even with such a limit of the number of grid levels,
sizable speed-up ratios can still be attained, demonstrating
that the present algorithm is capable of yielding solutions with
improved efficiencies for a variety of flows within a unified
numerical framework.
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